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SILTING MODULES
LIDIA ANGELERI HÜGEL, FREDERIK MARKS, JORGE VITÓRIA
Dedicated to the memory of Dieter Happel
ABSTRACT. We introduce the new concept of silting modules. These modules generalise tilting modules over an
arbitrary ring, as well as support τ-tilting modules over a finite dimensional algebra recently introduced by Adachi,
Iyama and Reiten. We show that silting modules generate torsion classes that provide left approximations, and that every
partial silting module admits an analogue of the Bongartz complement. Furthermore, we prove that silting modules are in
bijection with 2-term silting complexes and with certain t-structures and co-t-structures in the derived module category.
We also see how some of these bijections hold for silting complexes of arbitrary finite length.
1. INTRODUCTION
The concept of tilting is fundamental in representation theory to compare categories of modules or their derived
categories. Tilting modules first appeared in the study of finite dimensional representations of quivers, and they
have been generalised in many different ways. Our aim is to bridge together some of these approaches.
Large tilting modules over arbitrary rings were introduced in [18]. They play an important role in approxi-
mation theory, since they correspond bijectively to the torsion classes that provide special preenvelopes (see [9]).
They also shed a new light on the Homological Conjectures (see for example [10, 5]). Moreover, these modules
are intimately related to localisation, both on the level of module categories and derived categories. Indeed, over
some rings there is an explicit description of all tilting modules using techniques from localisation theory (see for
example [7, 8, 6]).
Silting complexes were first introduced by Keller and Vossieck ([26]) to study t-structures in the bounded
derived category of representations of Dynkin quivers. They generalise tilting complexes - and, thus, finitely
generated tilting modules - in the sense that the associated t-structures yield hearts that are not necessarily derived
equivalent to the initial algebra. The topic resurfaced recently, in particular through the work of Aihara and Iyama
([2]), Keller and Nicolás ([25]), Koenig and Yang ([27]), and Mendoza, Sáenz, Santiago and Souto Salorio ([31]).
In [2], it was shown that silting complexes over a finite dimensional algebra form a class of objects where mutation
can always be performed - contrary to the classical setup of tilting modules. In fact, mutation requires the existence
of exactly two complements for any almost complete tilting module - a condition which is not always fulfilled, but
which can be provided by passing to the class of silting complexes. Furthermore, in [25, 27, 31], correspondences
relating silting complexes, t-structures and co-t-structures were established, extending previous work of Hoshino,
Kato and Miyachi on 2-term silting complexes and their associated t-structures and torsion pairs ([20]).
Support τ-tilting modules are the module-theoretic counterpart of 2-term silting complexes. They were in-
troduced over finite dimensional algebras by Adachi, Iyama and Reiten ([1]), who showed that these modules
admit mutation and that there is a mutation-preserving bijection with 2-term silting complexes. In [22], the notion
of support τ-tilting was generalised to certain categories of finitely presented functors and correspondences with
2-term silting complexes, t-structures and co-t-structures were established. The goal of this paper is to set up a
theory for arbitrary rings and modules that provides a general framework for bijections of this type.
Silting modules over an arbitrary ring are intended to generalise tilting modules in a similar fashion as 2-term
silting complexes generalise 2-term tilting complexes and also in the way support τ-tilting modules generalise
finitely generated tilting modules over a finite dimensional algebra. This new class of modules shares some
important features with tilting theory. In particular, the torsion class associated to a silting module provides left
approximations, and partial silting modules admit an analogue of the Bongartz complement.
It turns out that silting modules are related to the class of quasitilting modules studied by Colpi, D’Este and
Tonolo in [14, 16]. As a main feature, these modules induce half of the equivalences occurring in Brenner-Butler’s
classical Tilting Theorem. This forces them to be finitely generated ([39]). In our work we drop this finiteness
condition, and we show that large quasitilting modules can be used to classify some torsion classes (including those
generated by silting modules) which provide left approximations. Notice that over a finite dimensional algebra,
finitely generated silting and finitely generated quasitilting modules coincide with support τ-tilting modules. Some
related results are obtained in parallel work by Wei ([41, 42]).
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Finally, the proposed concept of silting modules allows to generalise the correspondences in [2] and [22]. More
precisely, we show that for an arbitrary ring there is a bijection between (not necessarily finitely generated) silting
modules and (not necessarily compact) 2-term silting complexes. Moreover, every silting module gives rise to a
t-structure which coincides both with the construction due to Happel, Reiten and Smalø in [21] and with the t-
structure studied by Hoshino, Kato and Miyachi in [20]. This enables us to prove correspondences between silting
modules and certain t-structures and co-t-structures in the unbounded derived category. In fact, these bijections
hold for silting complexes of any finite length, thus extending the correspondences established in [25, 27, 31] to
the non-compact setting.
As mentioned above, to every partial silting module one can associate a silting module obtained by adding a
suitable complement, as well as a bireflective subcategory with a corresponding ring epimorphism. In the setting
of support τ-tilting modules, this was already observed in [23]. Silting theory thus provides an appropriate context
for studying ring epimorphisms and localisations. This approach will be explored in a forthcoming paper.
The structure of the paper is as follows. In section 2 we fix notation, and we recall some important definitions
and motivating results for the later sections. Section 3 develops the theory of silting modules. We discuss the
existence of silting approximations by passing to the more general notion of a quasitilting module. This allows to
classify the torsion classes providing left approximations with Ext-projective cokernel (Corollary 3.8). We present
some relevant examples in Section 3.3. Section 4 is devoted to silting complexes. In particular, we show how
2-term silting complexes relate with silting modules, t-structures and co-t-structures, generalising known results
established for compact silting complexes (Theorems 4.6 and 4.11).
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2. PRELIMINARIES
Throughout, A will be a (unitary) ring, Mod(A) the category of right A-modules, and Pro j(A) (respectively,
pro j(A)) its subcategory of (finitely generated) projective modules. Modules will always be right A-modules. In
some contexts, we will be considering algebras Λ over an algebraically closed field K.
Morphisms in Pro j(A) will be interpreted, without change of notation, both as 2-term complexes concentrated
in degrees -1 and 0 in the homotopy category K(Pro j(A)), and as projective presentations of their cokernels.
The unbounded derived (respectively, homotopy) category of Mod(A) will be denoted by D(A) (respectively,
K(A)). If we restrict ourselves to bounded or right bounded complexes, we use the usual superscripts b and −,
respectively. The term subcategory will always refer to a strictly full subcategory.
For a subcategory X of D(A) we denote by X⊥>0 the subcategory consisting of the objects Y in D(A) such
that HomD(A)(X ,Y [i]) = 0 for all i > 0 and all X ∈ X . Similarly, one defines X⊥<0 and X⊥0 . If the subcategory
consists of a single object X , we write just X⊥>0 , X⊥<0 , and X⊥0 . The notation for left orthogonal subcategories
is defined analogously.
For a given A-module M, we denote by M◦ the subcategory of Mod(A) consisting of the objects N such that
HomA(M,N) = 0, and by M⊥1 the subcategory of Mod(A) consisting of the objects N such that Ext1A(M,N) = 0.
Further, Add(M) denotes the additive closure of M consisting of all modules isomorphic to a direct summand of
an (arbitrary) direct sum of copies of M, while Gen(M) is the subcategory of M-generated modules (that is, all
epimorphic images of modules in Add(M)), and Pres(M) is the subcategory of M-presented modules (that is, all
modules that admit an Add(M)-presentation).
2.1. Tilting modules. Let us begin by recalling some basic facts about (not necessarily finitely generated) tilting
modules.
Definition 2.1. An A-module T is said to be tilting if Gen(T ) = T⊥1 , or equivalently, if T satisfies the following
conditions:
(T1) the projective dimension of T is less or equal than 1;
(T2) Ext1A(T,T (I)) = 0 for any set I;
(T3) there is an exact sequence
0 // A
φ
// T0 // T1 // 0
where T0 and T1 lie in Add(T ) (and so φ is a left Gen(T )-approximation).
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The subcategory Gen(T ) is then called a tilting class. It is a torsion class containing all the injective modules.
The notion of partial tilting module is a weakening of this condition. There are different definitions in the literature;
here we adopt the definition proposed in [18].
Definition 2.2. We say that an A-module T is partial tilting if
(PT1) T⊥1 is a torsion class;
(PT2) T lies in T⊥1 .
Condition (PT1) implies (T1), and it is stronger than (T1) unless T is finitely presented. Furthermore, once
(PT1) is satisfied, (PT2) is equivalent to Gen(T ) lying in T⊥1 . In fact, also Gen(T ) is then a torsion class, as we
are going to see next (cf. [14, Proposition 4.4]).
Lemma 2.3. If an A-module T satisfies Gen(T )⊆ T⊥1 , then (Gen(T ),T ◦) is a torsion pair in Mod(A).
Proof. We verify that Gen(T ) = ◦(T ◦). Cleary, we have Gen(T )⊆ ◦(T ◦). For M in ◦(T ◦), consider the sequence
0→ τT (M)→M →M/τT (M)→ 0
given by the trace τT (M) of T in M. Applying the functor HomA(T,−) to the sequence and using the fact that
Ext1A(T,τT (M)) = 0, we see that M/τT (M) lies in T ◦. Thus, we have M ∼= τT (M), as wanted. 
Recall that a module M in a torsion class T is Ext-projective in T if Ext1A(M,T ) = 0. The condition in the
lemma above can then be rephrased by saying that T is Ext-projective in Gen(T ).
2.2. τ-tilting modules. Let Λ be a finite dimensional K-algebra. We will denote by τ the Auslander-Reiten
translation in the category mod(Λ) of finitely generated Λ-modules. We recall the following definitions from [1].
Definition 2.4. A finitely generated Λ-module T is said to be
• τ-rigid if HomΛ(T,τT ) = 0;
• τ-tilting if it is τ-rigid and the number of non-isomorphic indecomposable direct summands of T equals
the number of isomorphism classes of simple Λ-modules;
• support τ-tilting if there is an idempotent element e of Λ such that T is a τ-tilting Λ/ΛeΛ-module.
In order to generalise these notions to arbitrary rings A and arbitrary A-modules, we will need a description that
does not use the Auslander-Reiten translation.
Theorem 2.5. Let T be a finitely generated Λ-module and σ be its minimal projective presentation.
(1) [1, Proposition 2.4] A Λ-module M satisfies HomΛ(M,τT ) = 0 if and only if the morphism of abelian
groups HomΛ(σ,M) is surjective.
(2) [11, Proposition 5.8] T is τ-rigid if and only if Gen(T )⊆ T⊥1 .
(3) [1, Corollary 2.13] T is support τ-tilting if and only if Gen(T ) consists of the Λ-modules M such that
HomΛ(σ˜,M) is surjective, where σ˜ is the projective presentation of T obtained as the direct sum of σ with
the complex (eΛ→ 0) for a suitable idempotent element e of Λ.
Proof. Statements (1) and (2) follow by similar arguments to the ones used in the given references, using a more
general version of the Auslander-Reiten formula (see, for example, [28]). By [1, Corollary 2.13], T is support
τ-tilting if and only if gen(T ) := Gen(T )∩mod(Λ) consists precisely of the finitely generated Λ-modules M
such that HomΛ(σ˜,M) is surjective. Consider the torsion pair (gen(T ),T ◦ ∩mod(Λ)) in mod(Λ). Note that the
subcategory of Mod(Λ) formed by the Λ-modules M such that HomΛ(σ˜,M) is surjective forms a torsion class in
Mod(Λ), whose associated torsion-free class contains T ◦ ∩mod(Λ). Moreover, by (2) and Lemma 2.3, we also
have that (Gen(T ),T ◦) is a torsion pair in Mod(Λ). Our claim now follows from the fact that there is a unique
torsion pair (T ,F ) in Mod(Λ) with gen(T ) ⊆ T and T ◦ ∩mod(Λ) ⊆ F , given by the direct limit closure of
(gen(T ),T ◦∩mod(Λ)) in Mod(Λ) (compare [30]). 
2.3. Silting complexes, t-structures and co-t-structures. Support τ-tilting modules turn out to be in bijection
with certain (2-term) complexes, called silting, and they are closely related with certain t-structures and co-t-
structures. Let us recall some definitions. First of all, for an object X in D(A), we say that {X [i] : i ∈ Z} generates
D(A), if whenever a complex Y in D(A) satisfies HomD(A)(X [i],Y ) = 0 for all i ∈ Z, then Y = 0.
Definition 2.6. A bounded complex of finitely generated projective A-modules σ is said to be silting if
(1) HomD(A)(σ,σ[i]) = 0 for all i > 0;
(2) the set {σ[i] : i ∈ Z} generates D(A).
A silting complex σ is said to be 2-silting if σ is a 2-term complex of projective A-modules.
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Remark 2.7. The notion of silting complex has appeared in different references with different generation require-
ments. In order to remove any ambiguity we remark that all these generation properties are equivalent.
Given a ring A and an object X in D(A), the set {X [i] : i ∈ Z} generates D(A) if and only if D(A) is the smallest
triangulated subcategory of D(A) which contains X and is closed under coproducts. In fact, the if-part is clear, and
the converse implication follows from [3, Proposition 4.5] and [33, Lemma 2.2(1)].
If X is compact in D(A), then the two equivalent conditions above are furthermore equivalent to say that
Kb(pro j(A)) is the smallest triangulated subcategory of D(A) containing X and closed under direct summands
(i.e., the smallest thick subcategory containing X). Indeed, under this assumption {X [i] : i ∈ Z} is a generating set
for D(A). The converse holds as argued in [2, Proposition 4.2], using arguments of [36] and [32].
Definition 2.8. [12, 13, 35] Let D be a triangulated category. A t-structure (respectively, a co-t-structure) in D
is a pair of subcategories (V ≤0,V ≥0) (respectively, (U≥0,U≤0)) such that
(1) HomD(V ≤0,V ≥0[−1]) = 0 (respectively, HomD(A)(U≥0,U≤0[1]) = 0);
(2) V ≤0[1]⊆ V ≤0 (respectively, U≥0[−1]⊆U≥0);
(3) For every X in D, there is a triangle
Y // X // W // Y [1]
such that Y lies in V ≤0 and W lies in V ≥0[−1] (respectively, Y lies in U≥0 and W lies in U≤0[1]).
We use the notations V ≤n := V ≤0[−n], V ≥n := V ≥0[−n], U≥n := U≥0[−n] and U≤n := V≤0[−n]. A t-structure
(respectively, co-t-structure) is furthermore said to be bounded if
⋃
n∈Z
V ≤n = D =
⋃
n∈Z
V ≥n (respectively,
⋃
n∈Z
U≥n = D =
⋃
n∈Z
U≤n).
For a t-structure (V ≤0,V ≥0), the intersection V ≤0∩V ≥0 is called the heart and V ≤0 is called the aisle. Note
that the aisle completely determines the t-structure since V ≥0 = (V ≤0)⊥0 [1]. Furthermore, for a t-structure, the
triangles in axiom (3) are functorial, giving rise to truncation functors (see [12]).
Example 2.9. (1) The pair (D≤0,D≥0) in D(A), where D≤0 (respectively, D≥0) is the subcategory of complexes
with cohomologies lying in non-positive (respectively, non-negative) degrees, is a t-structure, called the standard
t-structure. We denote its associated truncation functors by τ≤n and τ≥n, for all n ∈ Z.
(2) [13, 35] Consider the triangulated subcategory Kp(A) of K(A) of homotopically projective complexes. The
canonical functor from K(A) to D(A) is known to induce a triangle equivalence between Kp(A) and D(A) (see, for
example, [24]). We use this fact throughout without further mention. The pair (K≥0,K≤0) in Kp(A), where K≥0
(respectively, K≤0) is the subcategory of complexes whose negative (respectively, positive) components are zero, is
a co-t-structure, called the standard co-t-structure. The triangles in axiom (3) can be obtained (non-functorially)
using the so-called stupid truncations, where zero replaces the components of the complex which are outside the
required bound.
(3) [21, Theorem 2.1] A torsion pair (T ,F ) in Mod(A) induces a t-structure (D≤0
T
,D≥0F ) in D(A) given by
D≤0
T
:= {X ∈D(A) : H0(X) ∈ T ,H i(X) = 0,∀i > 0}
D≥0F := {X ∈ D(A) : H
−1(X) ∈ F ,H i(X) = 0,∀i <−1}.
(4) [4, Proposition 3.2] For every object X in D(A) there is a t-structure (aisle(X),X⊥<0), called the t-structure
generated by X , where aisle(X) is the smallest coproduct-closed suspended subcategory of D(A) containing X .
Recall that an additive subcategory of D(A) is called suspended, if it is closed under extensions and positive shifts.
The following theorems, which we will generalise to a larger context, relate some of the concepts introduced
above. For details on the notion of a silting t-structure we refer to [2, Definition 4.9] and Definition 4.4. For
related results, see also [22, 31].
Theorem 2.10. [27, Theorem 6.1][25] Let Λ be a finite dimensionalK-algebra. There are bijections between
(1) isomorphism classes of basic silting complexes in Kb(pro j(Λ));
(2) bounded t-structures in Db(mod(Λ)) whose heart is equivalent to mod(Γ) for some K-algebra Γ;
(3) bounded co-t-structures in Kb(pro j(Λ)).
Theorem 2.11. [1, Theorem 3.2],[2, Theorem 4.10] Let Λ be a finite dimensionalK-algebra. There are bijections
between
(1) isomorphism classes of basic support τ-tilting Λ-modules;
(2) isomorphism classes of basic 2-silting complexes in Kb(pro j(Λ));
(3) 2-silting t-structures (U≤0,U≥0) in D(Λ).
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3. SILTING MODULES
We want to introduce a class of modules that generalises tilting modules over arbitrary rings, and at the same
time, coincides with support τ-tilting modules when restricting to finitely generated modules over a finite dimen-
sional algebra. One of the main common features of tilting and support τ-tilting modules is their connection to
torsion classes that provide left (and right) approximations. We therefore start by discussing the existence of such
approximations. Afterwards, we define silting modules and study further properties.
3.1. Approximations and quasitilting modules. A crucial feature of tilting theory is that tilting classes provide
special preenvelopes. Recall that, given a subcategory T of Mod(A), a special T -preenvelope of an A-module M
is a short exact sequence
0−→M φ−→ B−→C −→ 0
such that B lies in T and Ext1A(C,T ) = 0 (and so φ is a left T -approximation of M).
Theorem 3.1. [9, Theorem 2.1] A torsion class T in Mod(A) is a tilting torsion class if and only if every A-module
admits a special T -preenvelope.
Also support τ-tilting modules induce approximation sequences, but the map φ is not injective in general. So,
we now turn to torsion classes providing left approximations with Ext-projective cokernel. The classification of
such torsion classes will lead us to the notion of a quasitilting module, and it will allow to recover a result from
[1] relating support τ-tilting modules with functorially finite torsion classes (see Remark 3.17).
First, we recall the notion of a ∗-module ([14]). Such modules arise in the literature as capturing half of the
categorical equivalences of the Brenner-Butler theorem in tilting theory. In fact ∗-modules are precisely those
A-modules T such that the functor HomA(T,−) induces an equivalence between Gen(TA) and Cogen(D(T )B),
where B = EndA(T ) and D(T ) is the dual of T with respect to an injective cogenerator of Mod(A). This forces
them to be finitely generated ([39]). For our purpose we have to drop this finiteness condition and work with the
following “large version” of the notion of a ∗-module.
Definition 3.2. An A-module T is a ∗-module if Gen(T ) = Pres(T ), and HomA(T,−) is exact for short exact
sequences in Gen(T ).
Quasitilting modules were introduced in [16] as the (self-small) ∗-modules T for which Gen(T ) is a torsion
class. In fact, there are many equivalent ways of defining such modules, cf. [16, Proposition 2.1]. For a subcategory
C of Mod(A), we denote by C the subcategory formed by the submodules of all modules in C .
Lemma and Definition 3.3. The following statements are equivalent for an A-module T .
(1) T is a ∗-module and Gen(T ) is a torsion class;
(2) Pres(T ) = Gen(T ) and T is Ext-projective in Gen(T );
(3) Gen(T ) = Gen(T )∩T⊥1 .
We say that T is quasitilting if it satisfies any of the equivalent conditions above.
Proof. (1)⇒(2): We only have to show that Ext1A(T,Gen(T )) = 0. Consider a short exact sequence in Mod(A)
0 // M // N
g
// T // 0
with M in Gen(T ). Since Gen(T ) is a torsion class, N lies in Gen(T ) and, by assumption, the sequence remains
exact when applying the functor HomA(T,−). But then it is split exact as 1T factors through g.
(2)⇒(1): It is clear that if T is Ext-projective in Gen(T ) then HomA(T,−) is exact for short exact sequences in
Gen(T ). By Lemma 2.3, Gen(T ) is a torsion class and, thus, we have (1).
(2)⇒(3): It is clear that Gen(T )⊆ Gen(T )∩T⊥1 . For the reverse inclusion, let N lie in Gen(T )∩T⊥1 and let
M be an object in Gen(T ) such that there is a monomorphism f : N →M. Clearly, C :=Coker( f ) lies in Gen(T )
and, thus, in Pres(T ). So there is a surjection g : T ′→C with T ′ in Add(T ) such that K := Ker(g) lies in Gen(T ).
Since Ext1A(T ′,N) = 0 by assumption, we obtain the following commutative diagram of short exact sequences:
0 // K //
a

T ′
b

g
// C // 0
0 // N
f
// M // C // 0.
Now, the snake lemma shows that Coker(a) = Coker(b) and, thus, Coker(a) lies in Gen(T ). Since Gen(T ) is
extension-closed by Lemma 2.3, we conclude that N lies in Gen(T ).
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(3)⇒(2) We only need to show that Gen(T ) ⊆ Pres(T ). Let M lie in Gen(T ) and consider the universal map
u : T (I) → M, where I = HomA(T,M). Clearly u is surjective, and since Ext1A(T,T (I)) = 0, it is easy to see that
Ker(u) lies in T⊥1 . By assumption Ker(u) then lies in Gen(T ), so M lies in Pres(T ). 
We will require our modules to be finendo, i.e. finitely generated over their endomorphism ring, as this char-
acterises the modules T for which Gen(T ) provides left approximations ([9, Proposition 1.2]). Note that this is
further equivalent to Gen(T ) being closed for direct products ([17, Lemma on p.408]). Recall that a module is
called faithful, if its annihilator is zero. The following lemma extends a result relating ∗-modules to tilting.
Lemma 3.4. (cf. [19, Corollary 2], [15, Corollary 6]) An A-module T is a finendo ∗-module if and only if it is a
tilting A/Ann(T)-module.
Proof. Set ¯A = A/Ann(T). Since Ann(T ) = Ann(Gen(T )), it follows that Gen(TA) = Gen(T ¯A). Therefore, it is
easy to see that T is a finendo ∗-module over A if and only if T is a finendo ∗-module over ¯A. So, without loss of
generality, it is enough to show that T is a faithful finendo ∗-module over A if and only if T is a tilting A-module.
The if-part is clear. For the only-if-part, consider a faithful finendo ∗-module T . As in [15, Theorem 3], we see
that all injective A-modules are contained in Gen(T ), and Gen(T )⊆ T⊥1 . We repeat the arguments for the reader’s
convenience. Since T is faithful there is a monomorphism φ : A → T α for some set α, where T α lies in Gen(T )
as T is finendo. Now every surjection A(I) → E to an injective module E extends to a surjection (T α)(I) → E ,
showing the first claim. Further, given M in Gen(T ), the functor HomA(T,−) is exact on the short exact sequence
in Gen(T ) induced by an injective envelope M → E(M) and, since Ext1A(T,E(M)) = 0, we get Ext1A(T,M) = 0.
Now, by Lemma 2.3, we have that Gen(T ) is a torsion class. Thus, by Lemma and Definition 3.3, T is a
quasitilting module and Gen(T ) = Gen(T )∩ T⊥1 . But Gen(T ) = Mod(A) since every injective module lies in
Gen(T ), and Gen(T ) = T⊥1 as wanted. 
Let us turn to the existence of approximations.
Proposition 3.5. The following are equivalent for an A-module T .
(1) T is a finendo quasitilting module.
(2) T is Ext-projective in Gen(T ) and there is an exact sequence
A
φ
// T0 // T1 // 0,
with T0 and T1 in Add(T ) and φ a left Gen(T )-approximation.
Proof. (1)⇒(2): T is by definition Ext-projective in Gen(T ) and, moreover, T is a tilting ¯A-module by Lemma
3.4. Then there is a short exact sequence
0 // ¯A
¯φ
// T0 // T1 // 0
with T0 and T1 in Add(T ) and ¯φ a left Gen(T ¯A)-approximation in Mod( ¯A). The composition with the canonical
projection pi : A→ ¯A then yields the desired left Gen(T )-approximation φ = ¯φpi : A→ T0 in Mod(A).
(2)⇒(1): We have to show that T is an ¯A-tilting module. First, we see that Gen(T ) is contained Ker(Ext1
¯A(T,−)).
Indeed, every short exact sequence 0 → M → N → T → 0 in Mod( ¯A), with M in Gen(T ), splits in Mod(A) as T
is Ext-projective, and thus it splits in Mod( ¯A). Now, we show that Ann(T ) = Ker(φ). In fact, Ann(T ) ⊆ Ker(φ)
as T0 lies in Gen(T ). For the reverse inclusion note that Ann(T) is the intersection of the kernels of all maps in
HomA(A,T ). Since every map f : A→ T factors through φ, we infer Ker(φ)⊆ Ker( f ).
Therefore, φ factors as φ = ¯φpi through the canonical projection pi : A → ¯A. From the short exact sequence
0 // ¯A
¯φ
// T0 // T1 // 0
we deduce that every module X in Ker(Ext1
¯A(T,−)), being generated by ¯A and satisfying Ext
1
¯A(T1,X) = 0, is also
generated by T0, and thus by T . Hence Gen(T ) = Ker(Ext1
¯A(T,−)), and the proof is complete. 
We can now classify the torsion classes that yield left approximations with Ext-projective cokernel.
Theorem 3.6. The following are equivalent for a torsion class T in Mod(A).
(1) For every A-module M there is a sequence
M
φ
// B // C // 0
such that φ is a left T -approximation and C is Ext-projective in T .
(2) There is a finendo quasitilting A-module T such that T = Gen(T ).
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Proof. (1)⇒(2): Choose M = A with an approximation sequence
A
φ
// B // C // 0
and set T = B⊕C. Clearly, we have Gen(T )⊆ T . Conversely, if X is a module in T , any surjection f : A(I) → X
factors through the T -approximation φ(I) via a surjection B(I) → X , showing that X lies in Gen(T ). Thus, we
have that Gen(T ) = T . By Proposition 3.5, it remains to show that T is Ext-projective in Gen(T ). In fact, by
assumption, we have to verify this only for B. As in the proof of Proposition 3.5 we obtain a short exact sequence
0 // ¯A
¯φ
// B // C // 0
over ¯A = A/Ann(T), and we see that Gen(T ) is contained Ker(Ext1
¯A(C,−)). Using the projectivity of ¯A ¯A, we infer
that Gen(T ) is also contained Ker(Ext1
¯A(B,−)). Consider now a short exact sequence 0 → M → N → B → 0 in
Mod(A) with M in Gen(T ). Since Gen(T ) is a torsion class, also N belongs to Gen(T ) and the sequence actually
lies in Mod( ¯A). Then it splits in Mod( ¯A), and thus it also splits in Mod(A). So B is Ext-projective in Gen(T ).
(2)⇒(1): As in [9, Proposition 1.2], we use the approximation sequence for A in Proposition 3.5 to construct
approximation sequences for all A-modules M, where the cokernels turn out to lie in Add(T ) and thus are Ext-
projective modules in T . 
The following lemma tells how to recover a quasitilting module from its associated torsion class.
Lemma 3.7. If T is a quasitilting module, then Add(T ) is the class of Ext-projective modules in Gen(T ).
Proof. If T is Ext-projective in Gen(T ), then so is every module in Add(T ). Conversely, given an Ext-projective
module M in Gen(T ) = Pres(T ), there is a surjection f : T ′→M, for some T ′ in Add(T ), with Ker( f ) in Gen(T ).
The Ext-projectivity of M implies that the short exact sequence induced by f splits and, thus M lies in Add(T ). 
Consequently, two quasitilting modules have the same additive closure if and only if they generate the same
torsion class. We will thus say that two quasitilting modules T1 and T2 are equivalent if Add(T1) = Add(T2).
Theorem 3.6 can now be rephrased as follows.
Corollary 3.8. There is a bijection between equivalence classes of finendo quasitilting A-modules and torsion
classes T in Mod(A) such that every A-module has a left T -approximation with Ext-projective cokernel.
3.2. Silting modules. In this subsection we study (partial) silting modules, the main objects under consideration
in this work. These modules will be defined in a way suggested by Theorem 2.5. For a morphism σ in Pro j(A),
we consider the class of A-modules
Dσ := {X ∈Mod(A)|HomA(σ,X) is surjective}.
We collect some useful properties of Dσ.
Lemma 3.9. Let σ be a map in Pro j(A) with cokernel T .
(1) Dσ is closed under epimorphic images, extensions, and direct products.
(2) The class Dσ is contained in T⊥1 .
(3) An A-module X belongs to Dσ if and only if for some (respectively, all) projective presentation(s) ω of X
the condition HomD(A)(σ,ω[1]) = 0 is satisfied.
Proof. The proof of statement (1) is left to the reader.
(2) Set σ : P−1 → P0 and write σ = ipi with pi : P−1 → Im(σ) and i : Im(σ)→ P0. By applying the functor
HomA(−,N), with N in Dσ, to the short exact sequence induced by the monomorphism i : Im(σ)→ P0 we get the
exact sequence
HomA(P0,N)
i∗
// HomA(Im(σ),N) // Ext1A(T,N) // 0.
We show that i∗ is surjective. Consider a test map f : Im(σ)→N. Since N belongs to Dσ, there is a map g : P0 →N
such that f pi = gipi. Consequently, since pi is an epimorphism, we get f = gi, as wanted.
(3) This is an easy observation, based on [1, Lemma 3.4]. 
Definition 3.10. We say that an A-module T is
• partial silting if there is a projective presentation σ of T such that
(S1) Dσ is a torsion class.
(S2) T lies in Dσ.
• silting if there is a projective presentation σ of T such that Gen(T ) = Dσ.
We will then say that T is (partial) silting with respect to σ.
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Remark 3.11. (1) If T is partial silting, then Gen(T )⊆Dσ ⊆ T⊥1 by Lemma 3.9(2), and (Gen(T ),T ◦) is a torsion
pair by Lemma 2.3. The same arguments show that every silting module is partial silting.
(2) Since Dσ is always closed for epimorphic images and extensions, condition (S1) is equivalent to require that
Dσ is closed for coproducts. This is always true when σ is a map in pro j(A) and, thus, a compact object in D(A).
So, in this case, T is partial silting if and only if HomD(A)(σ,σ[1]) = 0. The latter property hints on the choice of
the name silting for our modules, which will indeed be justified by the relation with (2-term) silting complexes (to
be explored in section 4).
Notice, however, that in general Dσ can contain T , and even all direct sums of copies of T , without being
a torsion class. For example, the generic module G over the Kronecker algebra (the path algebra of the quiver
• // // • ) satisfies conditions (T1) and (T2) in Definition 2.1. Taking a monomorphic presentation σ of G, we
obtain a class Dσ = G⊥1 containing Gen(G). But Dσ is not a torsion class (and G is not partial tilting according
to Definition 2.2), because it is not closed under direct sums. Indeed, every adic module S−∞ belongs to G⊥1 ,
while S−∞ (ω) does not. This follows from [34, Proposition 1 and Remark on p.265] stating that a torsion-free
regular module belongs to G⊥1 if and only if it is pure-injective. For details on infinite dimensional modules over
hereditary algebras we refer to [38, 37].
(3) Note that the definitions in 3.10 depend on the choice of σ: not all projective presentations of a silting or
partial silting module will fulfill conditions (S1) and (S2). Further, T can be partial silting with respect to different
projective presentations giving rise to different associated torsion classes. However, there is a unique torsion class,
Gen(T ), which can turn a module T into a silting module.
There is an evident parallel between (S1) and (S2) and the axioms (PT1) and (PT2) defining partial tilting
modules and, thus, also with (T1) and (T2) in the definition of a tilting module. We will later obtain an analogue
of (T3) in Theorem 3.14. Moreover, the definition of silting clearly resembles the condition Gen(T ) = T⊥1
defining tilting. Let us make this comparison more precise. Recall that an A-module T is said to be sincere if
HomA(P,T ) 6= 0 for all non-zero projective A-modules P.
Proposition 3.12. (1) An A-module T is (partial) tilting if and only if T is a (partial) silting module with
respect to a monomorphic projective presentation.
(2) A module T of projective dimension at most one is tilting if and only if it is a sincere silting module.
Proof. (1) If T is a partial tilting module, there is a monomorphic projective presentation σ of T , and Dσ = T⊥1 .
Since Ext1A(T,T ) = 0, T lies in Dσ, so that T is partial silting with respect to σ. If, furthermore, T is tilting, then
Gen(T ) = T⊥1 = Dσ, thus showing that T is silting. The converse implication is shown similarly.
(2) If T is tilting, then it is a faithful module and, therefore, sincere. Conversely, assume that T is a sincere
silting module with respect to a projective presentation σ : P−1 → P0. Since T has projective dimension at most
one, Im(σ) is a projective A-module and Ker(σ) is a direct summand of P−1. But then, as T lies in Dσ and every
morphism P−1 → T factors through σ, we have HomA(Ker(σ),T ) = 0. Since Ker(σ) is projective and T is sincere,
it follows that Ker(σ) = 0 and T is tilting by (1). 
Notice that even if a module has projective dimension one, it can happen that monomorphic presentations are
not the ones to consider for verifying the silting condition. So not all silting modules of projective dimension 1
are tilting, as illustrated in Subsection 3.3. The next proposition relates silting modules to quasitilting modules.
Proposition 3.13. (1) All silting modules are finendo quasitilting.
(2) A module is tilting if and only if it is faithful silting (and if and only if it is faithful finendo quasitilting).
Proof. (1) Let T be silting with respect to a projective presentation σ : P−1 → P0. Then we know from Lemma
3.9(1) that Gen(T ) = Dσ is closed under direct products, which means that T is finendo. Further, T is Ext-
projective in Gen(T ) by Remark 3.11(1). It remains to show that Gen(T ) ⊆ Pres(T ). Let M lie in Gen(T ), let
I be HomA(T,M), and consider the universal map u : T (I) → M (which is then surjective). We will show that
K := Ker(u) lies in Dσ = Gen(T ), thus finishing the proof.
Pick f : P−1 → K. Since T (I) lies in Dσ, we have the following commutative diagram
P−1
f

σ
// P0
pi
//
g

T //
h

0
0 // K k // T (I) u // M // 0.
By the universality of u, there is ˜h : T → T (I) such that u˜h = h. It then follows by a routine diagram chase that
there is a map g˜ : P0 → K such that g˜σ = f , as wanted.
Statement (2) is an immediate consequence of Lemma 3.4. 
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In particular, it follows that we can recover the additive closure of a silting module from its associated torsion
class (see Lemma 3.7). We will say that two silting modules T and T ′ are equivalent if Add(T ) = Add(T ′).
The next result measures the difference between silting and quasitilting modules, and it characterises silting
modules in terms of a condition (S3) which is the silting counterpart of condition (T3) in Definition 2.1.
Proposition 3.14. The following are equivalent for an A-module T and a projective presentation σ of T .
(1) T is a silting module with respect to σ.
(2) T is a partial silting module with respect to σ and
(S3) there is an exact sequence
A
φ
// T0 // T1 // 0,
with T0 and T1 in Add(T ) and φ a left Dσ-approximation.
Proof. (1)⇒(2): This follows from Proposition 3.13(1) and Proposition 3.5 using that Dσ = Gen(T ).
(2)⇒(1): Since T is partial silting with respect to σ, it is clear that Gen(T )⊆Dσ. If M lies in Dσ, any surjection
f : A(I)→M factors through the Dσ-approximation φ(I) via a surjection g : T (I)0 →M. Thus, M lies in Gen(T ). 
A well-known result of Bongartz - later proved in full generality in [18] - states that every partial tilting module
can be completed to a tilting module. The following theorem now generalises it to our setting.
Theorem 3.15. Every partial silting A-module T with respect to a projective presentation σ is a direct summand
of a silting A-module ¯T = T ⊕M with the same associated torsion class, that is, Gen( ¯T ) = Dσ.
Proof. Let T be a partial silting A-module and let σ : P−1 → P0 be a projective presentation of T . In order to find a
complement for T , we begin by constructing an approximation sequence for A in Dσ. Consider the universal map
ψ : P−1 (I) → A with I = HomA(P−1,A). We get the following pushout diagram
P−1 (I)
ψ

σ(I)
// P0 (I)
ψ1

// T (I) // 0
A
φ
// M pi // T (I) // 0.
(3.1)
If M lies in Dσ then it easily follows from the universal property of the pushout that φ is a left Dσ-approximation.
We will, therefore, show that any map g : P−1 → M factors through σ. Since T (I) lies in Dσ, the composition pig
must factor through σ via some map g1 : P0 → T (I), yielding the following commutative diagram
P−1
σ
//
g

P0
g1

M pi // T (I)
Moreover, since P0 is projective, there is a map g2 : P0 →M such that g1 = pig2. It follows from a routine diagram
chase that g2σ−g factors through φ. Now, by the construction of ψ and the commutativity of diagram (3.1), there
are component maps ψ′ : P−1 → X and ψ′1 : P0 → M fulfilling g2σ− g = f ψ′ = ψ′1σ. Consequently, the map g
factors through σ, proving that M lies in Dσ.
We will now prove that ¯T := T ⊕M is a silting A-module. Since the left square of diagram (3.1) is a pushout
diagram, it yields a projective presentation of M
P−1 (I)
(g σ(I))
// A⊕P0 (I)
(
−φ
f
)
// M // 0.
This gives us a projective presentation of ¯T by considering the direct sum γ := σ⊕ (g σ(I)). Then Dγ = Dσ as a
consequence of the following two easily verifiable statements that we leave to the reader:
(1) Let (θi)i∈I be a family of maps in Pro j(A) and θ =⊕i∈I θi. Then Dθ =
⋂
i∈I Dθi .
(2) Let θ : Q−1 →Q0 and β : Q−1 →Q′0 be maps in Pro j(A), and (θ,β) : Q−1 →Q0⊕Q′0, p 7→ (θ(p),β(p)).
Now Dθ ⊆D(θ,β).
So ¯T is a partial silting module as it lies in Dγ = Dσ, and it is even a silting module by Proposition 3.14. 
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3.3. Examples. We have seen in Proposition 3.12 that (partial) tilting modules are examples of (partial) silting
modules. In this subsection we discuss non-tilting examples of silting modules. An important class of examples
of (partial) silting modules is given by τ-rigid and support τ-tilting modules over a finite dimensionalK-algebra.
Proposition 3.16. Let Λ be a finite dimensionalK-algebra and let T be in mod(Λ). Then the following hold.
(1) T is partial silting if and only if it is τ-rigid.
(2) T is silting if and only if it is support τ-tilting.
(3) [41] T is (finendo) quasitilting if and only if it is support τ-tilting.
Proof. (1): This follows from Theorem 2.5(1) and (2) and Remark 3.11(1) and (2).
(2) If T is silting, then by (1) it is τ-rigid, and it satisfies condition (S3) in Theorem 3.14, where the Gen(T )-
approximation sequence Λ // T0 // T1 // 0 can be taken in mod(Λ). Now the claim follows by [23,
Proposition 2.14]. The converse implication follows from Theorem 2.5(3).
(3) First, recall that finitely generated Λ-modules are always finendo. By (2) the statement can be rephrased by
saying that T is quasitilting if and only if it is silting. Now the if-part is just Proposition 3.13(1). We show that for
T in mod(Λ) also the converse holds true. If T is quasitilting, then by Proposition 3.5, it satisfies condition (S3)
in Theorem 3.14, and it is Ext-projective in Gen(T ). By Theorem 2.5(2) the latter means that T is τ-rigid. We
conclude from (1) that T is a partial silting module satisfying (S3), or equivalently, a silting module. 
Remark 3.17. (1) Corollary 3.8 can now be viewed as an analog of [1, Theorem 2.7] stating that over a finite
dimensional algebra Λ, there is a bijection between isomorphism classes of basic support τ-tilting modules and
functorially finite torsion classes T in mod(Λ). Indeed, left T -approximations in mod(Λ) can be chosen to be
minimal, and then the cokernel is always Ext-projective by a well-known lemma due to Wakamatsu.
(2) A further consequence of Proposition 3.16 is that for any support τ-tilting module T over a finite dimensional
K-algebra Λ, the functor HomΛ(T,−) induces an equivalence between Gen(TA) and Cogen(D(T )B), cf. [23,
Proposition 3.5] and [20, Theorem 4.4]. For more details on such equivalences see [16].
The following is an example (taken from [16, Example 5.3]) of a finitely generated silting module which is
neither tilting nor finitely presented.
Example 3.18. Let Q be a quiver with two vertices, 1 and 2, and countably many arrows from 1 to 2. Let Pi be the
indecomposable projective KQ-module eiKQ for i = 1,2. We show that T := P2/soc(P2) is a silting module (of
projective dimension one) which is not tilting. Indeed, as observed in [16], the class Gen(T ) consists precisely of
the semisimple injective KQ-modules and, thus, we have Gen(T ) = (P1)◦ ( T⊥1 . In particular, T is not a tilting
module. Of course, T is not finitely presented. It admits the following projective presentation
0 // P(N)1
σ
// P2 // T // 0,
with Dσ = T⊥1 . Let γ be the projective presentation of T obtained as the direct sum of σ with the trivial map
P1 → 0. Then we have that
Dγ = T⊥1 ∩P1 ◦ = P1 ◦ = Gen(T ),
thus proving that T is a silting module.
4. SILTING COMPLEXES
In this section we discuss (large) silting complexes and how they relate to t-structures, co-t-structures and silting
modules. We first investigate the bijections between silting complexes and certain t-structures and co-t-structures
([27]). Then we show that mapping a 2-silting complex to its cohomology defines a bijection between (equivalence
classes of) 2-silting complexes and (equivalence classes of) silting modules. In particular, this justifies our choice
of name for the class of modules under study.
4.1. Silting complexes, t-structures and co-t-structures. We begin by extending the notion of silting and pre-
silting complexes in order to include complexes of large projective modules. We adopt a definition due to Wei [40,
Definition 3.1], who called such complexes semi-tilting.
Definition 4.1. A bounded complex of projective A-modules σ is said to be presilting if
(1) HomD(A)(σ,σ(I)[i]) = 0, for all sets I and i > 0.
It is furthermore silting if it also satisfies
(2) the smallest triangulated subcategory of D(A) containing Add(σ) is Kb(Pro j(A)).
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We call σ n-presilting, respectively n-silting, if it is an n-term complex of projective A-modules. Hereby, and
throughout this section, an n-term complex of projective modules means a complex concentrated between degrees
−n+ 1 and 0.
For a presilting complex σ, we investigate the subcategory aisle(σ) from Example 2.9(4), and the subcategory
σ⊥>0 . They play an important role in determining whether σ is silting or not, cf. [20, Theorem 1.3] and [2,
Corollary 4.7].
Proposition 4.2. The following statements are equivalent for an n-term complex σ of projective A-modules.
(1) The complex σ is (n-)silting.
(2) σ is presilting, σ⊥>0 ∩D≤0 is closed for coproducts in D(A), and the set {σ[i] : i ∈ Z} generates D(A).
(3) aisle(σ) = σ⊥>0 .
(4) σ is presilting and σ⊥>0 lies in D≤0.
Proof. (1)⇒(2): It follows from [40, Proposition 4.2] that σ⊥>0 is closed for coproducts in D(A). By definition,
the smallest triangulated subcategory of D(A) containing Add(σ) contains A. Then the smallest triangulated
subcategory of D(A) closed under coproducts and containing σ is D(A). It then follows from Remark 2.7 that
D(A) is generated by {σ[i], i ∈ Z}.
(2)⇒(3): The arguments are similar to those in the proof of [2, Corollary 4.7]. The subcategory σ⊥>0 ∩D≤0 is
suspended and, by assumption, closed for coproducts in D(A). It follows from Example 2.9(4) that σ⊥>0 ∩D≤0
contains aisle(σ). For any X in σ⊥>0 , there is a triangle associated with the t-structure (aisle(σ),σ⊥<0)
Y → X → Z → Y [1],
with Y in aisle(σ) and Z in σ⊥≤0 . Since Y then also lies in σ⊥>0 , and X lies in σ⊥>0 by assumption, we conclude
that Z lies in σ⊥>0 . But then Z lies in σ⊥≤0 ∩σ⊥>0 , and so Z = 0 by (2). It follows that σ⊥>0 = aisle(σ).
(3)⇒(4): Since σ lies in D≤0, then so does aisle(σ) = σ⊥>0 .
(4)⇒(1): This follows from [40, Proposition 3.12]. 
Remark 4.3. Definitions 2.6 and 4.1 agree on complexes σ ∈ Kb(pro j(A)). Indeed, for condition (1) one uses that
σ is a compact object. This also implies that σ⊥>0 is closed for coproducts. The claim now follows from (1)⇔(2)
in Proposition 4.2.
We will now study the (co-)t-structures arising from silting complexes in some more detail.
Definition 4.4. (1) A t-structure (V ≤0,V ≥0) (respectively, a co-t-structure (U≥0,U≤0)) in D(A) is said to be
intermediate if there are a,b∈ Z, a≤ b, such that D≤a ⊆V ≤0 ⊆D≤b (respectively, D≤a ⊆U≤0 ⊆D≤b).
(2) A t-structure (V ≤0,V ≥0) is said to be silting if it is intermediate and there is a silting complex σ in D(A)
such that V ≤0∩⊥0(V ≤0[1]) = Add(σ). It is furthermore said to be n-silting if D≤−n+1 ⊆ V ≤0 ⊆ D≤0.
Lemma 4.5. A t-structure (V ≤0,V ≥0) is n-silting with V ≤0∩⊥0(V ≤0[1])=Add(σ) if and only if σ is an n-silting
complex and V ≤0 = σ⊥>0 .
Proof. Suppose that (V ≤0,V ≥0) is an n-silting t-structure with V ≤0∩⊥0(V ≤0[1]) = Add(σ). It is clear that σ
is a silting complex (since it has the same additive closure as a silting complex). From Proposition 4.2 we have
that σ⊥>0 = aisle(σ) and, hence, σ⊥>0 is contained in V ≤0 as so is σ. It remains to see that V ≤0 ⊆ σ⊥>0 . By the
orthogonality relations of t-structures, it is enough to prove that σ⊥<0 is contained in V ≥0. Let X lie in σ⊥<0 and
consider the canonical triangle associated with the t-structure (V ≤0,V ≥0)
Y → X → Z → Y [1],
where Y lies in V ≤−1 and Z lies in V ≥0. By assumption, we have that HomD(A)(σ,X [i]) = 0 for all i < 0 and,
since σ lies in V ≤0, we also have that HomD(A)(σ,Z[i]) = 0 for all i < 0. Thus, we have that HomD(A)(σ,Y [i]) = 0
for all i < 0. On the other hand, since σ lies in ⊥0(V ≤0[1]) = ⊥0(V ≤−1) we see that HomD(A)(σ,Y [i]) = 0 for all
i ≥ 0. Recalling from Proposition 4.2 that {σ[i] : i ∈ Z} is a set of generators for D(A), we conclude that Y = 0.
Thus X ∼= Z and X lies in V ≥0 as wanted.
It remains to show that σ is an n-term complex. Let σ be a complex of projective A-modules of the form
(Pi,di)i∈Z with Pi = 0 for all i > 0. Since the t-structure is n-silting, D≤−n+1 lies in V ≤0 and σ lies in ⊥0(V ≤0[1]),
so HomD(A)(σ,D≤−n) = 0. Consider now the canonical co-t-structure (K≥0,K≤0) in Kp(A) from Example 2.9(2),
and take a triangle given by stupid truncations, that is,
Y // σ u // Z // Y [1],
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with Y in K≥−n+1∩K≤0 and Z in K≤−n. Since Z lies in D≤−n, the map u is zero and, thus, σ lies in K≥−n+1∩K≤0
because it is a summand of Y (in fact, it is easy to check that we even have Y ∼= σ).
Conversely, let σ be an n-silting complex. Then it is easy to see that D≤−n+1 ⊆ σ⊥>0 , and from Proposition 4.2
we have that σ⊥>0 ⊆ D≤0. Moreover, clearly we have Add(σ) ⊆ σ⊥>0 ∩⊥0(σ⊥>0 [1]). We now show the reverse
inclusion. Let X lie in σ⊥>0 ∩ ⊥0(σ⊥>0 [1]) and let I be the set HomD(A)(σ,X). The canonical universal map
u : σ(I) → X gives rise to a triangle
K // σ(I) u // X v // K[1].
Applying the functor HomD(A)(σ,−) to the triangle, since HomD(A)(σ,σ(I)[1]) = 0 and HomD(A)(σ,u) is surjec-
tive, we deduce that HomD(A)(σ,K[1]) = 0. For i > 0, since
HomD(A)(σ,σ(I)[i+ 1]) = 0 = HomD(A)(σ,X [i])
we also conclude that HomD(A)(σ,K[i+ 1]) = 0. Thus K lies in σ⊥>0 . Since X lies in ⊥0(σ⊥>0 [1]), we infer
that v ∈ HomD(A)(X ,K[1]) is zero. Therefore, u splits and X lies in Add(σ) as wanted. Thus (σ⊥>0 ,σ⊥<0) is an
n-silting t-structure. 
It follows from the lemma that two silting complexes σ and γ in D(A) satisfy Add(σ) = Add(γ) if and only if
σ⊥>0 = γ⊥>0 . Therefore we can define, unambiguously, a notion of equivalence of silting complexes: two silting
complexes σ and γ are said to be equivalent if Add(σ) = Add(γ).
The following theorem generalises the correspondence of (compact) silting complexes with t-structures and
co-t-structures in [2, 27]. It has been partly treated in [40, Theorem 5.3] and in [31, Corollary 5.9].
Theorem 4.6. There are bijections between
(1) equivalence classes of silting complexes in D(A);
(2) silting t-structures in D(A);
(3) intermediate co-t-structures (U≥0,U≤0) in D(A) with U≤0 closed for coproducts in D(A);
(4) [31, Corollary 5.9] bounded co-t-structures in Kb(Pro j(A)).
Proof. Consider the following assignments.
Bijection Assignment
(1)→ (2) Ψ : σ 7→ (σ⊥>0 ,σ⊥<0)
(2)→ (1) Θ : (V ≤0,V ≥0) 7→ σ with Add(σ) = V ≤0∩⊥0(V ≤0[1])
(1)→ (3) Φ : σ 7→ (⊥0(σ⊥>0 [1]),σ⊥>0)
(1)→ (4) Ω : σ 7→ (⊥0(σ⊥>0 [1])∩Kb(Pro j(A)),σ⊥>0 ∩Kb(Pro j(A)))
We have seen above that the assignments Ψ, Φ and Ω do not depend on the representative of the equivalence
class of the silting complex σ. Note also that these assignments commute with the shift functor [1], which is an
auto-equivalence of the derived category. To show that Ψ, Φ and Θ are bijections, we will assume without loss of
generality that silting complexes are concentrated in degrees less or equal than 0 or that σ⊥>0 is contained in D≤0.
It follows immediately from Lemma 4.5 that the assignments Ψ and Θ are inverse to each other.
We prove that Φ is a bijection in two steps. The first step will provide a bijection between (1) and certain
co-t-structures in D−(A), and the second step will relate them to the co-t-structures in (2).
Step 1: In [40, Theorem 5.3] it is shown that assigning to a silting complex σ the subcategory σ⊥>0 yields a bi-
jection between equivalence classes of silting complexes and subcategories U of D−(A) satisfying four properties.
We leave to the reader to check that two of those properties (being specially covariantly finite and coresolving, as
defined in [40]) correspond exactly to the statement that (⊥0(U[1]),U) is a co-t-structure in D−(A). Notice that
here the left orthogonal is computed in D−(A). A third property states that U is closed for coproducts.
We turn to the fourth property. It asserts that every object X in D−(A) admits a finite coresolution by U, i.e.
there are a positive integer m, a collection of objects (Ui)0≤i≤m in U, and a finite sequence of triangles as follows
X →U0 →C0 → X [1]
C0 →U1 →C1 →C0[1]
...
Cm−2 →Um−1 →Um →Cm[1].
We now prove that this property can be rephrased by saying that the co-t-structure (⊥0(U[1]),U) in D−(A) is
intermediate. In fact, the classes U occurring in [40, Theorem 5.3] satisfy this condition by [40, Lemma 4.1].
Conversely, given a co-t-structure (U≥0,U≤0) in D−(A) such that D≤−n ⊆ U≤0 ⊆ D≤0 for some n, we take a
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complex X in D−(A), say with H i(X) = 0 for all i > k, and construct a sequence of triangles as above. Let us first
reduce this analysis to the case where X lies in D≤0. Indeed, by the axioms of co-t-structure we have a triangle
X →U0 →C0 → X [1]
such that U0 lies in U≤0 and C0 lies in U≥0. Using that U≤0 ⊆ D≤0, we see that H i(C0) = 0 for all i > k− 1. So
we can find a finite sequence of triangles yielding an object Ck−1 in D≤0. Therefore, without loss of generality,
we may assume that we start with X in D≤0. We now build a sequence of triangles
X →U0 →C0 → X [1]
C0 →U1 →C1 →C0[1]
...
Cn−1 →Un →Cn →Cn−1[1]
where Ui lies in U≤0 and Ci lies in U≥0 for all 0≤ i≤ n. Here n is the natural number above with D≤−n ⊆U≤0.
We claim that HomD(A)(Cn,Cn−1[1]) = 0. This will show that the last triangle splits, so Cn−1 will belong to U≤0
as wished. To prove this claim, we apply the functor HomD(A)(Cn,−) to all the triangles. From the orthogonality
properties of the co-t-structure we infer that, for all 1≤ i≤ n,
HomD(A)(Cn,Cn−1[1])∼= HomD(A)(Cn,Cn−i[i]).
From the first triangle we get an isomorphism
HomD(A)(Cn,C0[n])∼= HomD(A)(Cn,X [n+ 1]).
But Cn lies in U≥0 = ⊥0(U≤0[1]), and X [n+ 1] lies in D≤−n−1 = D≤−n[1] ⊆ U≤0[1]. So we conclude that
HomD(A)(Cn,X [n+ 1]) = 0, which proves our claim.
Step 2. We have shown that Φ defines a bijection between equivalence classes of silting complexes in D(A)
and intermediate co-t-structures (U≥0,U≤0) in D−(A) such that U≤0 is closed for coproducts in D(A). It remains
to prove that such co-t-structures in D−(A) and the corresponding co-t-structures in D(A) are in bijection. To
this end, we prove that for such a co-t-structure (U≥0,U≤0) in D−(A), the pair (⊥0(U≤0[1]),U≤0) in D(A) (now
with the orthogonal computed in D(A)) is an intermediate co-t-structure in D(A). Then we immediately obtain an
injective assignment with an obvious inverse given by the intersection with D−(A), completing our proof.
We only have to verify axiom (3) in the definition (2.8) of a co-t-structure for the pair (⊥0(U≤0[1]),U≤0) in
D(A). We use the equivalence between D(A) and Kp(A) and consider the standard co-t-structure (K≥0,K≤0) in
Kp(A) from Example 2.9(2). For any X in Kp(A), using stupid truncation, there is a triangle
Y // X
ψ
// Z // Y [1]
where Y in K≥1 and Z in K≤0. Now, Z lies in D−(A) and, thus, there is a triangle
C[−1] // Z θ // U // C
with U in U≤0 and C in U≥0 ⊂ ⊥0(U≤0[1]). Using the octahedral axiom, one can check that there is a triangle
Y [1] // Cone(θψ) // C // Y [2].
Since Y [1] lies in K≥0 and homotopically projective resolutions of complexes in U≤0[1] lie in K≤−1, we have that
Y [1] lies in ⊥0(U≤0[1]). Since C also lies in ⊥0(U≤0[1]), so does Cone(θψ), thus yielding a co-t-structure triangle
Cone(θψ)[−1] // X θψ // U // Cone(θψ)
with Cone(θψ) in ⊥0(U≤0[1]) and U in U≤0, as wanted.
It remains to see that Ω is a bijection. From [31, Corollary 5.9] there is a bijection between equivalence classes
of silting complexes in D(A) and bounded co-t-structures in Kb(Pro j(A)). It associates to a silting complex
σ the pair (⊥0(Uσ[1]),Uσ) in Kb(Pro j(A)), where Uσ is the smallest suspended subcategory of Kb(Pro j(A))
containing Add(σ). Its inverse is given by considering an additive generator of the intersection of the pair of
subcategories. We only need to check that Uσ = σ⊥>0 ∩Kb(Pro j(A)). First we observe that the intermediate co-t-
structure (⊥0(σ⊥>0 [1]),σ⊥>0) in D(A)∼=Kp(A) restricts to Kb(Pro j(A)). Indeed, for a complex X in Kb(Pro j(A)),
consider a co-t-structure triangle in Kp(A) with respect to (⊥0(σ⊥>0 [1]),σ⊥>0), say
C[−1]→ X →U →C,
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with U in σ⊥>0 and C in ⊥0(σ⊥>0 [1]). Then U is a right bounded complex in Kp(A) and one can easily check
that C is left bounded in Kp(A). Therefore, they are all complexes in Kb(Pro j(A)). Clearly, this restricted co-
t-structure corresponds to the complex σ under the bijection defined in [31, Corollary 5.9] and, thus, Uσ and
σ⊥>0 ∩Kb(Pro j(A)) must coincide. 
Remark 4.7. (1) We clarify in some more detail how the result above generalises Theorem 2.10 for compact
silting complexes over a finite dimensional K-algebra Λ. In [27], it is shown that if σ is compact, then (σ⊥>0 ∩
Db(mod(Λ)),σ⊥<0 ∩Db(mod(Λ))) is a t-structure in Db(mod(Λ)). Adopting the notation in the proof of Theorem
4.6, this corresponds to the restriction of the t-structure Ψ(σ) in D(Λ) to Db(Λ). Indeed, it can be checked that
such a restriction must be bounded (because Ψ(σ) is intermediate) and that the heart is a module category (the zero
cohomology of σ with respect to the t-structure is a projective generator of the heart and it is small because σ is
compact). Moreover, the co-t-structure associated to σ under Theorem 2.10 can be checked (using the description
provided in [31]) to coincide with the restriction of Ω(σ) to Kb(pro j(Λ)). It is, therefore, also the restriction of
Φ(σ) to Kb(pro j(Λ)). Again, this restriction will be bounded because the co-t-structure is intermediate.
(2) Notice that Ψ(σ) is a t-structure which is always right adjacent to the co-t-structure Φ(σ), see [13, Definition
4.4.1]. Compare with [27].
4.2. 2-silting complexes and silting modules. The following lemma establishes a useful connection between
σ⊥>0 and the torsion class Dσ introduced in Subection 3.2, for any 2-term complex σ in Kb(Pro j(A)).
Lemma 4.8. The following hold for a 2-term complex σ in Kb(Pro j(A)) with T = H0(σ).
(1) An object X in D≤0 belongs to σ⊥>0 if and only if H0(X) lies in Dσ. Moreover, Dσ = σ⊥>0 ∩Mod(A).
(2) An object X in D≥0 belongs to σ⊥≤0 if and only if H0(X) lies in T ◦. Moreover, T ◦ = σ⊥≤0 ∩Mod(A).
(3) The module T is partial silting with respect to σ if and only if the complex σ is presilting and σ⊥>0 ∩D≤0
is closed for coproducts in D(A).
Proof. We set σ : P−1 → P0.
(1) Let X = (X j,d j) j∈Z be a complex in D≤0 (assume without loss of generality that X j = 0 for all j > 0).
Suppose that X lies in σ⊥>0 . Any map from h : P−1 → H0(X) lifts to a map f : P−1 → X0 via the projection map
pi : X0 → H0(X) since P−1 is projective. Now, f induces a map in HomK(A)(σ,X [1]) which we assume to be zero.
Thus, there are maps s0 : P0 → X0 and s−1 : P−1 → X−1 such that f = s0σ+ d−1s−1. Since h = pi f , we easily see
that h = (pis0)σ and, thus, H0(X) lies in Dσ.
Conversely, suppose that H0(X) lies in Dσ. Then, for a morphism in HomK(A)(σ,X [1]) defined by a map
f : P−1 → X0, there is h : P0 → H0(X) such that pi f = hσ. Since P0 is projective, there is s0 : P0 → X0 such that
pis0 = h. It is then easy to observe that there is s−1 : P−1 → X−1 such that f − s0σ = d−1s−1, showing that f is
null-homotopic.
(2) Let X be an object in σ⊥≤0 ∩D≥0. Since X lies in D≥0, we have a (standard) t-structure triangle of the form
(τ≥1X)[−1]→H0(X)→ X → τ≥1X .
Since HomD(A)(σ,(τ≥1X)[−1]) = 0 = HomD(A)(σ,X), we get that HomD(A)(σ,H0(X)) = 0 and, thus, H0(X) lies
in T ◦. Similarly one proves the converse.
(3) First we claim that σ⊥>0 ∩D≤0 is closed for coproducts if and only if Dσ is closed for coproducts, i.e.
condition (S1) in the definition of partial silting module holds for T . Indeed, consider the canonical triangle
τ≤−1
⊕
i∈I
Xi −→
⊕
i∈I
Xi −→ H0(
⊕
i∈I
Xi)−→ (τ≤−1
⊕
i∈I
Xi)[1],
for any family of objects (Xi)i∈I in σ⊥>0 ∩D≤0. Since D≤−1 is contained in σ⊥>0 ∩D≤0 and H0 commutes with
coproducts, our claim follows from (1). Condition (S2) is equivalent to σ lying in σ⊥>0 by Lemma 3.9(3). 
The following theorem is a non-compact version of [20, Theorem 2.10], in the sense that it extends the state-
ments from compact silting complexes to silting complexes in Kb(Pro j(A)).
Theorem 4.9. Let σ be 2-term complex in Kb(Pro j(A)) and T = H0(σ). The following statements are equivalent.
(1) σ is a 2-silting complex;
(2) σ is a presilting complex, and {σ[i] : i ∈ Z} is a set of generators in D(A);
(3) T is a silting module with respect to σ;
(4) (Dσ,T ◦) is a torsion pair in Mod(A).
Moreover, if the conditions above are satisfied, we have
σ⊥>0 = D≤0
Dσ
= {X ∈ D(A) : H0(X) ∈Dσ, H i(X) = 0 ∀i > 0}.
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Proof. (1)⇒(2): This follows from Proposition 4.2.
(2)⇒(1): By Proposition 4.2, we have to show that σ⊥>0 is contained in D≤0. Let X be an object in σ⊥>0 and
consider its triangle decomposition with respect to the canonical t-structure in D(A)
τ≤0X → X → τ≥1X → (τ≤0X)[1].
It is clear that HomD(A)(σ[i],τ≥1X) = 0 for i ≥ 0. Moreover, applying HomD(A)(σ[i],−), with i < 0 to the tri-
angle we get by assumption that HomD(A)(σ,X [−i]) = 0, and also that HomD(A)(σ,(τ≤0X)[−i+ 1]) = 0 since
(τ≤0X)[−i+ 1] lies in D≤−2 for all i < 0. Therefore, we have that HomD(A)(σ[i],τ≥1X) = 0 for all i ∈ Z, and
τ≥1X = 0 as {σ[i] : i ∈ Z} is a set of generators for D(A).
(1)⇒(3): Combining Proposition 4.2 with Lemma 4.8, we see that T is partial silting, and so Gen(T ) ⊆ Dσ.
Let now M be a module in Dσ and take the universal map u : σ(I) →M, where I = HomD(A)(σ,M). We will show
that H0(u) : T (I) →M is a surjection. For this purpose, we consider the triangle
σ(I)
u
→M →C → σ(I)[1]
and prove that H0(C) = 0. We use the generating property of the set {σ[i] : i∈Z}, see (2) above. Note that the long
exact sequence of cohomologies for the triangle above shows that there is a surjection M → H0(C). Hence, the
module H0(C) lies in the torsion class Dσ, and by Lemma 4.8, it lies also in σ⊥>0 , that is, HomD(A)(σ,H0(C)[1]) =
0. Since σ is a two -term complex, it remains to see that HomD(A)(σ,H0(C)) = 0. As C lies in D≤0, we have the
following canonical triangle given by the standard t-structure in D(A)
τ≤−1C →C → H0(C)→ τ≤−1C[1].
Now, on the one hand, since σ is presilting, it follows from the definition of C that HomD(A)(σ,C) = 0. On
the other hand, since σ is a 2-term complex we also get that HomD(A)(σ,τ≤−1C[1]) = 0. Therefore, we have
HomD(A)(σ,H0(C)) = 0, as wanted.
(3)⇒(4): This follows immediately from Remark 3.11(1) as Dσ = Gen(T ).
(4)⇒(1): Suppose that (Dσ,T ◦) is a torsion pair. Then clearly T is partial silting with respect to σ, which
implies by Lemma 4.8 that σ is presilting and σ⊥>0 ∩D≤0 is closed for coproducts in D(A). By Proposition 4.2,
it remains to show that {σ[i] : i ∈ Z} generates D(A). Let X be an object of D(A) such that HomD(A)(σ,X [i]) = 0
for all i ∈ Z. Since σ is concentrated in degrees −1 and 0, this is equivalent to HomD(A)(σ,τ≤0(X [i])) = 0 for all
i ∈ Z. Then HomD(A)(σ,H i(X)) = 0, and thus H i(X) lies in T ◦ for all i ∈ Z. Consider the triangle
H0(X [i− 1])[−1]→ τ≤−1(X [i− 1])→ τ≤0(X [i− 1])→H0(X [i− 1])
and apply to it the functor HomD(A)(σ,−). Since
HomD(A)(σ,τ≤0(X [i− 1])) = 0 = HomD(A)(σ,H0(X [i− 1])[−1]),
we conclude that
0 = HomD(A)(σ,τ≤−1(X [i− 1])) = HomD(A)(σ,τ≤0(X [i])[1]),
thus showing that τ≤0(X [i]) belongs to σ⊥>0 for all i∈ Z. By Lemma 4.8, it follows that H i(X) = H0(τ≤0X [i]) lies
in Dσ for all i ∈ Z. Since the pair (Dσ,T ◦) is a torsion pair, we conclude that H i(X) = 0 for all i ∈ Z, as wanted.
Let us now assume that the equivalent conditions (1)-(4) hold. In particular, (Dσ,T ◦) is a torsion pair in Mod(A)
and so Example 2.9(3) gives us a t-structure (D≤0
Dσ
,D≥0T ◦ ). We want to prove that σ⊥>0 = DDσ . Proposition 4.2
shows that aisle(σ) = σ⊥>0 ⊆ D≤0 and, thus, by Example 2.9(4) and Lemma 4.8(1),
σ⊥>0 = aisle(σ)⊆ {X ∈ D(A) : H0(X) ∈Dσ,H i(X) = 0, ∀i > 0}= D≤0Dσ .
We will show that aisle(σ)⊥0 ⊆ D≥1T ◦ , thus proving that the inclusion above is in fact an equality. Let X be an
object in aisle(σ)⊥0 = σ⊥≤0 . It is clear that HomD(A)(σ,(τ≤−1X)[i]) = 0 for all i > 0. Consider now the triangle
(τ≥0X)[i− 1]→ (τ≤−1X)[i]→ X [i]→ (τ≥0X)[i].
Since σ lies in D≤0, we have that HomD(A)(σ,(τ≥0X)[i− 1]) = 0 for all i ≤ 0 and also, by the assumption on X ,
HomD(A)(σ,X [i]) = 0 for all i≤ 0. This shows that HomD(A)(σ,(τ≤−1X)[i]) = 0 for all i≤ 0. Since {σ[i] : i ∈ Z}
is a set of generators for D(A), we conclude that τ≤−1X = 0. By Lemma 4.8(2), we get that H0(X) lies in T ◦. 
Remark 4.10. (1) Theorem 4.9 shows that the t-structure generated by a silting complex σ equals both the t-
structure (σ⊥>0 ,σ⊥<0) studied by Hoshino-Kato-Miyachi in [20] and the t-structure associated to the torsion pair
(Dσ,T ◦) in the sense of Happel-Reiten-Smalø [21].
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(2) We know from Theorem 4.9 that the cohomology H0(σ) is a silting module for any 2-silting complex σ.
Further, σ and γ are equivalent 2-silting complexes if and only if the silting modules T = H0(σ) and T ′ = H0(γ)
are equivalent. Indeed, recall that the silting modules T and T ′ are equivalent if Add(T ) = Add(T ′), which in
turn means that Gen(T ) = Gen(T ′). So the only-if-part follows from the fact that H0 commutes with coproducts.
Conversely, if T and T ′ are equivalent, then they generate the same torsion pair, and therefore the associated
Happel-Reiten-Smalø t-structures coincide, which means that σ⊥>0 = γ⊥>0 by Theorem 4.9.
We finish by specialising Theorem 4.6 to 2-term complexes. For the bijection between (1) and (2) see also a
related result in [42].
Theorem 4.11. There are bijections between
(1) equivalence classes of 2-silting complexes;
(2) equivalence classes of silting A-modules;
(3) 2-silting t-structures in D(A);
(4) co-t-structures (U≥0,U≤0) in D(A) with D≤−1 ⊆U≤0 ⊆ D≤0 and U≤0 closed for coproducts in D(A).
Proof. Consider the following assignments.
Bijection Assignment
(1)→ (2) H0 : σ 7→ H0(σ)
(1)→ (3) Ψ : σ 7→ (σ⊥>0 ,σ⊥<0)
(1)→ (4) Φ : σ 7→ (⊥0(σ⊥>0 [1]),σ⊥>0)
Remark 4.10(2) above shows that H0 is well-defined and injective. The surjectivity follows from Theorem 4.9,
where it is shown that if T is a silting module with respect to a projective presentation σ, then σ is a 2-silting
complex. Moreover, it follows from Lemma 4.5 that the map Ψ from Theorem 4.6 induces a bijection between
equivalence classes of 2-silting complexes and 2-silting t-structures. Finally the co-t-structure (⊥0(σ⊥>0 [1]),σ⊥>0)
in D(A) associated to a 2-silting complex σ clearly satisfies D≤−1 ⊆ σ⊥>0 ⊆ D≤0. The map Φ from Theorem 4.6
therefore restricts to the stated bijection. 
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